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This article begins with the mass conservation of blood platelets on the Gibbs interface,
and obtains a relation between interfacial curvature and interfacial concentration of a
blood–thrombus. A two-dimensional model is established, and the time-dependent inner
solution and outer solution are obtained using the perturbation method, the solution
characteristics are discussed.
© 2009 Published by Elsevier Ltd
1. Introduction
A thrombus is the main reason leading to heart and cerebrovascular disease, which is formed when blood platelets
gradually deposit and aggregate on a vessel wall [3–5]. Because the disease has a quite long delitescence, for early diagnosis
and timely prevention and cure it is very important to research the information and mechanism of a thrombus.
In Refs. [1,2], the blood–thrombus interface in a growth process was assumed to be plane. Generally the interface is
curving, so it is of significance to depict the mass conservation condition in the curved blood–thrombus interface.
This article gives the platelet mass conservation condition on a curved interface, and establishes a two-dimensional
mathematical model on the global thrombus core growth with an initial radius of r0, and gets the time-dependent inner
solution and outer solution by using an asymptotic analysis method.
2. The condition of mass conservation on the Gibbs interface
We first consider a simply two-dimensional blood system, a container with unit height and volume that is full of two
phases—blood and thrombi, we suppose that c1 is a thrombus sticking to the wall and c2 is blood encircling c1, the system
is divided two subsystems (I) and (II), as Fig. 1.
We assume that the system is under constant temperature and pressure, and satisfies themass conservation of platelets:
n = n1 + n2 + Γ A = M1V1 +M2V2 + Γ A, (1)
where n is the molar number of platelets in the overall system, n1 and n2 are respectively the molar number of platelets
in the thrombus and blood, M1 and M2 are respectively the molar concentration in the thrombus and blood, V1 and V2 are
respectively the volume of the thrombus and blood, A is a representation of the interfacial area, and Γ is the adsorptive
capacity, which is a hematoblastic quantity contained in Gibbs interface per unit area.
Through mathematic analysis, we can change Eq. (1) into the following relation:
CI = CT
(
1− 2Γ
∆H
κ
)
, (2)
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Fig. 1. The interface of blood and thrombus.
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Fig. 2. The growth of the global thrombus core.
where CI is the interfacial concentration of the blood–thrombus interface, and CT is the lowest concentration of thrombus
formationwhere the blood–thrombus interface is plane, because the thrombus interface is digitiform, the interface curvature
κ is lower than zero, then we have the difference of concentration∆C = CI − CT > 0.
In the process of thrombus growth, we have another condition of the conservation of mass:
∆HVIA · δt − Γ A|t+δtt = D
∂C
∂n
· δt,
where∆H is the hematoblasticmass per unit volume. It satisfies themass conservation of platelets inmicromembers during
δt moments, we also can simplify above formula:
(∆H + 2κΓ )VI = D∂C
∂n
, (3)
thenwe get the two interfacial condition (2) and (3) on the Gibbs interface, which is the blood–thrombus interface discussed
in this article.
3. Mathematic model
We consider a growth problem of the global thrombus core with initial radius r0, which is in the blood of platelet
supersaturation, such as in Fig. 2:
Adopting spherical coordinates and considering the spherical symmetry of the concentration field, we have the
concentration diffusion equation in blood (R(t) < r <∞):
∂C
∂t
= D · ∇2C = D
[
1
r2
∂
∂r
(
r2
∂C
∂r
)]
, (4)
with the boundary and initial condition:
(1) The infinite condition:
r →∞, CT < C → CB.
(2) The interfacial conditions, at r = R(t):
(a) C = CI ;
(b) CI = CT
(
1− 2Γ
∆H κ
)
;
(c) (∆H + 2κΓ ) dRdt = D ∂C∂r .
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(3) The initial condition:
t → 0,
{
R(0) = r0,
C(r, 0) = C0(r).
4. Dimensional analysis
We set the length measure r0 and the characteristic velocity V0 = D∆C∆Hr0 , here ∆C = CB − CT > 0 is the degree of
supersaturation, then we can introduce the following dimensionless quantities:
C¯ = C − CT
∆C
, r¯ = r
r0
, t¯ = tV0
r0
,
we obtain the following equations (r¯ > R¯(t¯)):
ε
∂ C¯
∂ t¯
= 1
r¯2
∂
∂ r¯
(
r¯2
∂ C¯
∂ r¯
)
, (5)
with the boundary conditions:
(1)
r¯ →∞, C¯ → 1, (6)
(2) on interface r¯ = R¯(t):
(a)
C¯ = C¯I , (7)
(b)
C¯I = 2α
R¯
, (8)
(c) (
1− 2∆C
CT
α
R¯
)
dR¯
dt¯
= ∂ C¯
∂ r¯
, (9)
(3)
t¯ → 0, R¯(0)→ 1, C¯(r¯, 0)→ C¯0(r¯). (10)
In the above equations, we have defined dimensionless parameters:
α = Γ
r0∆H
CT
∆C
, ε = 1
F
<< 1,
here α is called the interfacial parameter and F = ∆H
∆C , so we have a small quantity ε when the degree of supersaturation
∆C is not too big.
In the following article, we will omit the signal ‘‘_’’ of a dimensionless quantity.
5. Time-dependent outer solution
Let ε→ 0, we make the following asymptotic expansions:{
C = C0 + εC1 + · · ·
R = R0 + εR1 + · · ·
O(ε0) :approximation of zero order, we have the equation
∇2C0 = 0,
and its general solution is
C0 = a0(t)+ b0(t)r .
From the infinite condition (6), we can conclude a0(t) = 1, from condition (7) and (8), we have:
b0(t) = R0
(
−1+ 2 α
R0
)
,
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Fig. 3. The phase of the plane for the growth of a global thrombus core.
and from condition (9), we can derive the interfacial growth equation:
dR0
dt
= 1
R0
(
1− 2 α
R0
)/(
1− 2∆C
CT
α
R0
)
,
R0(0) = 1.
(11)
We discuss the character of the solution from three special situations:
(1) Interfacial parameter α = 0, we conclude from Eq. (11)
R0(t) = (1+ 2t) 12 ,
So t →∞, R0(t)→∞.
(2) α >> 1(∆C → 0), ignoring the first term of the right side of Eq. (9), we have :
dR0
dt
≈ −Kα
R20
, R0(0) = 1,
where K(> 0) is a constant, then the solution is:
R0(t) = (1− 3Kαt) 13 .
Hence, we obtain: t → 13Kα < ∞, R0(t) → 0. It indicates that global thrombus core will shrink and will disappear in
finite time.
(3) In the general situation α > 0: we have
dR0
dt
= f (R0) = 1R0
(
1− 2 α
R0
)/(
1− 2∆C
CT
α
R0
)
. (12)
Analyzing the above Eq. (12) and the phase of the plane, we can derive that Eq. (12) has a destined solution R0(t) ≡ 2α,
and 
0 < R0 < 2α,
dR0
dt
< 0,
2α < R0 <∞, dR0dt > 0.
(13)
We conclude the following result from the initial condition R0(0) = 1 and Fig. 3:
(1) If 2α = 1, we have a solution with fixed length R0(t) ≡ 1;
(2) If 2α > 1, then dR0(t)dt < 0, we have a shrinking solution;
(3) If 2α < 1, then dR0(t)dt > 0, we have a growth solution.
From the critical condition 2α = 1, we also can conclude that the critical radius of the global thrombus core is
R∗ = 2Γ CT
∆H∆C
. (14)
However, the initialization of solution C0(r, 0) = 1− 1−2αr does not satisfy the initial condition which we pre-establish.
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6. Time-dependent inner solution
Let
tˆ = t¯
ε
= tD
r20
and
{
Rˆ(tˆ) = R¯(εtˆ),
Cˆ(R¯, tˆ) = C¯(r¯, εtˆ),
then above equation system is been changed into the following equations:
∂ Cˆ
∂ tˆ
= ∇2Cˆ, (15)
and the interfacial condition (9) is(
1− 2∆C
CT
α
Rˆ
)
dRˆ
dtˆ
= ε ∂ Cˆ
∂ tˆ
. (16)
Let ε→ 0, we expand the inner solution according to the following:{
Rˆ(tˆ, ε) = 1+ εRˆ1(tˆ)+ · · · ,
Cˆ(r¯, tˆ, ε) = Cˆ0(r¯, tˆ)+ εCˆ1(r¯, tˆ)+ · · · ,
O(ε0): we have the equation:
∂ Cˆ0
∂ tˆ
= ∇2Cˆ0, (17)
and boundary condition:
(1) rˆ →∞, Cˆ0 → 1;
(2) on interface, rˆ = Rˆ0 = 1:
(a) Cˆ0 = CˆI ;
(b) CˆI = 2α;
(c) dRˆ0
dtˆ
= 0 (automatically satisfy);
(3) initial condition: tˆ = 0, Cˆ0 = Cˆ0(r¯).
It is a typical initial boundary problem of a paraboloidal equation, andwhose solution exists and is unique.When tˆ →∞,
the solution of this problem is in a stationary state: C∗0 (r¯), which is rightly the initial condition of a time-dependent outer
solution C0(r, 0).
7. Conclusion
Considering the platelet mass conservation on a Gibbs interface, we obtain the condition on a blood–thrombus interface:
CI = CT
(
1− 2Γ
∆H κ
)
,we establish a mathematic model of the global thrombus core growth in two dimensions, give the
time-dependent inner and outer solution through using the method of asymptotic analysis, and discuss the property of the
solution, and conclude some significant results, showing if the thrombus core will shrink or swell at some time, which is
according to experiment results.
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